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Front-Door Model

Causal Graph Variables
X observed covariates
6 A treatment
Z mediator
Y

outcome
@ e 4’@ unmeasured confounder

Front-Door Use Case
» Treatment and outcome may be confounded.
» A mediator pathway A — Z — Y is observed.
» A mediator is not affected by unmeasured confounders.

References: Pearl (1995); Fulcher et al. (2020)
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Front-Door Model In Real-World Studies

Sources: Epidemiology 35(4):431, 2024; Epidemiology 34(5):712-720, 2023

2024 Rothman Epidemiology Prize

Piccininni et al., Epidemiology 2023

mobile stroke unit care

time to thrombolysis

cardiovascular functional outcome
measured clinical and system covariates
unmeasured care-selection factors

X <N >
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Front-Door Identification

e Graphical FD Criterion
FD1 all directed A — Y paths pass through Z

0‘@ ° FD2 all back-door A-Z paths are blocked by X

FD3 all back-door Z—Y paths are blocked by (A, X)
Pos. p(a|x)>0and p(z|a,x) >0

Identification

m(x) 2 E[Y(3) | X = x]
=) Pr(Z=2z|A=3,X=x)) PrA=a | X=x)E]Y|Z=2A=3 X=x]

z a’

7(x) £ E[Y(1) — Y(0) | X = x] = 71(x) — 70(x).

References: Pearl (1995); Fulcher et al. (2020)
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Position of This Work

Existing literature

>

>

Front-door identification
Pearl (1995)

Robust / efficient FD estimation
Fulcher et al. (2020); Guo et al. (2023); Wen et al.
(2024)

Conditional FD estimation using ML

Xu and Gretton (2022); Xu et al. (2024); Chen et al.

(2025)

Robust HTE learners (under ignorability)
Chernozhukov et al. (2018); Nie and Wager (2021);
Kennedy (2023); Foster and Syrgkanis (2023)

Position

front-door model
+
HTE learning
+
orthogonal to nuisance estimates
(NOT first-order dependent)

This work:
We develop two robust CATE estimators
under front-door structure.
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Nuisances

ma(x) 2 E[Y | Z=2,A=2a3,X =]
es(x) =Pr(A=a| X =x)
Gra(X)2Pr(Z=2z|A=2aX=x)

3(x) ZE[Y(3) | X = x] =

Z Gz3(x

0) [ X =x]=

E ea/

T(x) =E[Y(1) - Z{qzl

When Z and A are binary,

7(x) = {qui(x

- (ho

}Zea’

a’e{0,1}

Hmia (x) —

outcome response,
treatment response,

mediator response.

mza

qZO § ea mza

moa/(X)}.
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Plug-In Inherits First-Order Nuisance Error

A A

Plug-In Estimator: estimate the nuisance functions (m, e, g), then plug (/, &, §) into the
front-door formula from the previous slide.

fpr(x) £ T(m, & §)(x)

= Z{azl( - C720 Z ea mza’
z

The first-order expansion is

T(m,8,§)— T(m,e,q) =~ Dy T[m— m]+ D.T[é&— €]+ DyT[§— q].

DnT,D.T,DgT are derivative maps: nuisance error enters the target at first order.
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Overview

Target: 7(x) =E[Y(1) — Y(0) | X = x].

We develop two robust conditional estimators under front-door structure.

Learner Template Core construction
FD-DR DR-learner FD pseudo-outcome; regress on X
FD-R R-learner FD pathway decomposition; R-loss stage fits

DR-learner: Kennedy (2023); R-learner: Nie and Wager (2021).
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FD-DR: Pseudo-Outcome Target

Let V2 (Y,Z,A X) and no £ (m, e, q) be the true FD nuisance set.

Object

Identity

FD pseudo-outcome
CATE recovery

ATE recovery

wa(Vin)
E[ps(Vino) | X = x] = 73(x)
E[pz(V;m)] = E[73(X)]

CATE label

Do (V') £ 01(V;m0) — @o( Vi mo),
E[Dy, (V) | X = x] = 7(x).

FD-DR builds a debiased label whose conditional mean is the front-door CATE.
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FD-DR: Front-Door Pseudo-Outcome

pa(Vin) £&G(VI{Y — mza(X)}
outcome residual

Fma(V{r(Z, X) —v(A X))+ s5(AX)
——

treatment residual correction FD plug-in pathway
qza X 1{A=23
e(v) 2 92X ma(v) e HAZS
qza(X) e3(X)

Hz,X) 2D ma(Xer(X),  v(@X) 2D rzX)aa(X),  55(2,X) 2 Y ma(X)aza(X).

z
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FD-DR Algorithm

1. Two-way split. Use /,, for nuisance learning and /- for the final CATE regression.

2. Fit FD nuisances. On I, estimate # = (11, &, §).
3. Evaluate FD-POs. For i e I,

Di £ 1(Vii ) — wo(Vii 1)
4. Regress labels on covariates.
A . ~ L : 2
DR € arg:né;lZ{D, (X))}
icl,

Use K-fold cross-fitting in practice by rotating the two roles and pooling the out-of-fold DR labels.
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FD-DR Theorem: Error Rate

Define S 2 (11— mlla,
6. 2 max |8 — e|l2,
dq = max [|4zz — Gzall-
2,3
With Rpr denoting final-stage regresion error, under bounded overlap,
Ifor — 713 = Op(Ror + d5(65, + 62)) -

If 6, e, 0g = Op(n*1/4),
||7CDR — T||§ = O,_—,(n_l + RDR) .
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FD-R: Brief Idea

Effect (A — Y) = (A — Z) link x averaged (Z — Y) link

7(x) = {qu1(x) — quo(x }Z ea(x){ma(x) — moa(x)} .

A7 ac{0,1}

Yg(x): Z—Y, averaged over A

Define
b(x) £ qu(x) = quo(x) (A= 2),
g(2,x) = mia(x) = moa(x) (2 =),
Yg(x) £ Z ea(x)g(a, x) = eo(x)g(0, x) + e1(x)g(1l,x) averaged (Z — Y).
ae{0,1}
Then,

7(x) = b(x)7g(x).
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FD-R: Robinson Decomposition

b(x) and g(a, x) can be estimated using R-learners (Nie and Wager (2021)).

For the A — Z link:
Z—-E[Z|X]={A-E[A| X]}b(X) +¢&z.

For the Z — Y link:

Y —E[Y | A X] ={Z —E[Z | A X]}g(A X) +ey.
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FD-R: Plug-In Error For ~,

To estimate
Vg(x) = eo(x)g(0, x) + ex(x)g(1, x),
we consider
APIE(x) £ 21_o(x)E(0, x) + a1 (x)&(1, x).
Then
APIU8(x) — vg(x) ~ Ag(x) + {Ba=1(x) — ea=1(x) g (1, x) — g(0,x)}.
where

Ag(x) = E[&(A x) — g(A,x) | X = x].

1 . . R
In other words, 45 "¢ is first-order dependent on the nuisance &.
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FD-R: Estimating <, By Error Correction

Build the corrected pseudo-g label

oA X) 2 455(X) + {A — a1 (X))} x {&(1,X) — 2(0, X)} .

error correction

Its conditional bias is .
E[¢g(A, X) | X = X] = 7g(x) = Dg(x).

The remaining bias no longer has first-order dependence on the propensity plug-in error.
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FD-R Algorithm

0. Split dataset into /), Ing, /.
1. I, fit nuisance functions.
o = (8a, Mz), g = (&z, y).
ea(x) =E[A| X =x], mz(x) =E[Z | X =x]; ez(a,x) =E[Z | A=a,X = x], my(a,x) =E[Y | A= a, X = x].
2. Ipg: fit two R-learner stages.

A= Z: b(X), Z-—=Y: gAX).

3. I,: regress corrected pseudo-g labels and return.

Ga(AX) ~ 35(X),  #r(X) £ b(X)3s(X).
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FD-R Theorem: Error Rate

ER2Ry+Rs+ R, (Regression-stage errors).

Stable regression assumption over 4:

2. xc-

19 —Fzl5,c S le — &

170 = 7112 = Op(Er + e, + Gm, 62, + 02, + Oy 02, -
If all four nuisance rates are O,(n~'/*), then

H%R — 7'||g = Op (gR + nil) .

18/27



FD-DR Vs FD-R

FD-DR
-+ Product-error debiased FDPO for 7(X).

+ Attractive when FDPO products are small
and overlap is credible.

— Uses inverse weights and density ratios
(7, €).

— Variance can inflate when e or g approach 0
or 1.

FD-R

+ Avoids the density ratios required by
FD-DR.

—+ Gives pathway diagnostics through b(X),
8(A, X), and 4(X).

— Non-doubly robustness.

— Costs extra nuisance and stage fits.
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Synthetic Results: Sample Size Sweep

0.4

0.2

n-Sweep (rho=2, d=30)

/

—

FD-PI
FD-DR

—e— FD-R (full-noise)

W
\.\

1000

2000

3000

4000

5000

x-axis: sample size n.

y-axis: RMSE of 7(X); lower is
better.

Fixed: d = 30 (Dimension of X).

Nuisance noise: n~'/*-scale
perturbation added to nuisance
fits.

Curves: FD-PI, FD-DR, and
full-noise FD-R.

Readout: FD-R stays lowest;
FD-DR improves with n but
remains above FD-R.
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Synthetic Results: Nuisance-Noise Sweep

rho-Sweep (n=2000, d=30) > Xx-axis: nuisance noise level p.
vl o foom > y-axis: RMSE of 7(X); lower is
—e— FD-R (full-noise) better.
0.8 » Fixed setting: n = 2000 and
d = 30.
o .
£06 » Larger p means deliberately
noisier nuisance fits.
o > Main readout: FD-PI and
FD-DR degrade as p grows;
02 FD-R remains comparatively
stable.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
rho
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FARS Setup

W=@D—=)

State seat-belt laws and occupant fatalities:
primary seat-belt law

observed belt use

occupant fatality

driver, occupant, time, vehicle, state-year
latent adoption and safety-culture factors

X <N D>

Front-door logic: law changes belt use, belt use
changes fatality risk, and rich covariates help adjust
the two observable pathway links.

Data source: National Highway Traffic Safety Administration (2000),
Fatality Analysis Reporting System (FARS).
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FARS Results: Effect Distribution

» Histogram of estimated individual

6k .
effects 7.
5k » Green: FD-R. Blue: FD-DR.
K » Both methods give similar effect
..g distributions.
8 3k > Both averages are negative:
O about —0.046 to —0.047.
2k
» Interpretation: the average-effect
1k story is stable across learners.
Ok;O.ISO —0.125 —-0.100 —0.075 —0.050 —0.025 0.000 0.025
A
T
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FARS Results:

Targeting Curve

FD-DR at top

1%: 0.0152 FD-R
FD-R at top
1%: 0.0083 FD-DR

Population. Avg
FD-R: -0.046

Population. AV
FD-DR: -0.047

0.0

0.2 0.4 0.6 0.8 1.0

top-a fraction (largest 7)

Sort observations by largest
estimated 7.

x-axis: top-« fraction under that
ranking.
y-axis: mean 7 within the

selected fraction.

Both learners show similar tail
behavior.

Interpretation: heterogeneity
pattern is stable across FD-R and
FD-DR.
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FARS Results: Heterogeneity Drivers

» Bars show mean absolute SHAP
contribution to 7.

» FD-DR and FD-R identify similar

us_or_state drivers.
front
dark » Age is dominant in both learners;
weakened driver role, road type, seating
on_nhs e . .
inking p05|t|_on, and lighting also
rear contribute.

dawn_dusk » Interpretation: method choice
FD-DR FD-R does not change the main
empirical story.

—0.06 -0.04 —0.02 0.00 0.02

mean |SHAP
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