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Goal of the part |

We will understand the mechanism of the DML estimator with the BD

adjustment example:

C(P) = ZZ C[Y]x,z]P(z) =

=[Y | do(x)]

= P(y|do(x)) when Y « [,(Y), an indicator
We assume the followings in the lecture. function thatis 1 when ¥ =y

X € {0,1} a binary treatment variable.

P(v) > O for any v.

Z can be multivariate (continuous/discrete)
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* high-dimensional or
* a mixture of continuous/discrete variables.
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Causal Estimand

C(P) = ZZ “[Y]x, z]P(z)

Instead of directly estimating C(P), we find an alternative representation
(Estimand) of C(P), denoted /(V; 1):

Estimand f(V; 1)

An arbitrary function of V, 5 s.t. E[f(V; 1y)] = C(P) when 1 = 5, for
some 7],

V.= {Z,X, Y} all variables; and 7 is called “nuisance”.

Next, we will introduce three estimands for the BD adjustment case.
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[Y|x, Z]|

C(P)= ), EIY|x.z]P()

EL/(Vin9)] = C(P)

Let u(X, Z) be any arbitrary function of { X, Z}, and py(X, Z) := E[Y| X, Z].

The REG estimand is defined as,

REC(Vi ) = p(x, Z)

Then, with the true nuisance ,,,

ELF*O(V; uo)] = Elug(x, 2)] = E[E[Y | x, Z]] = C(P)
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Toward a
Doubly Robust Estimand

Now, we will introduce a “doubly robust (DR)” estimand, denoted

fPRV )

where the name is from a property known as “doubly robustness”.

PNV {m ] = C(P)

If either 7 = 7y or u = Y,

Doubly robustness implies we have double chance for being
correct in terms of the estimation of the nuisances parameters.

21
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1. We defined an estimand f(V; i), a functional for estimating the causal
effects.

2. For the BD adjustment, we illustrated three estimands (REG, IPW,
DR), and showed that the DR estimand has the doubly-robustness

property.

Next, we will introduce a general principle for choosing an estimand.

29



Orthogonal Estimand



ldea of an Orthogonal Estimand



ldea of an Orthogonal Estimand

If E[f(V; n)] is invariant to the small perturbation of 7,



ldea of an Orthogonal Estimand

If E[f(V; n)] is invariant to the small perturbation of 7,

... despite the error of 7,



ldea of an Orthogonal Estimand

If E[f(V; n)] is invariant to the small perturbation of 7,

... despite the error of 7,

... E[/(V;n)] will not suffer from the error.



ldea of an Orthogonal Estimand

If E[f(V; n)] is invariant to the small perturbation of 7,

... despite the error of 7,

... E[/(V;n)] will not suffer from the error.

We will formalize this idea by considering the directional derivative of

ELACVim)].
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Orthogonal Estimand:
f(V;n) is an orthogonal estimand if

D,ELAV: o)l {5 = 1} =0

Debiasedness

Forany i, E[f(V;n)] — C(P) = Op (H 1= o H%)

If 7 converges to 7, at some slow rate, say N4

E[ f(V;n)] converges to C(P) at (N~V*? = N=12 rate.
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D, E[f(Ving)Iin —nyt =0

Debiasedness

For any 1, ELf(V;1)] — C(P) = Op (H 1= Mo H%)

Then, by Taylor’s expansion (up to the 2nd order),

1
ELAV;m] — ELf(V;ng)] = D,ELF(V;np)l{n — 1o} + ED,?[E[f(V; m{n — o)
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D, E[f(Ving)Iin —nyt =0

Debiasedness

For any 1, ELf(V;1)] — C(P) = Op (H 1= Mo H%)

Then, by Taylor’s expansion (up to the 2nd order),

ELA(V:m)] = ELAV:n0)] = D ELA(Viio) , 7o Lot v

Op (111 =10 1 g5y ) = Op (ELGr = o)1), Shortly, Op (Il 7 =10 I17).
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Converging at N~ "< if , u converges at N~ """ (“debiasedness”)

For the BD adjustment, f°X(V; {x, u}) is doubly robust & orthogonal estimand

Debiasedness and Doubly-Robust Estimand

E[/PR(V; {m,u})] — C(P) = Op (Il m— 7o | t — o II)

Converging at N ~12i 1, u converges at N 1/ (“debiasedness”)

No errors if either 1 = my or u = py (“doubly-robustness”)
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Intermediate Summary -
Orthogonal Estimand

So far...

1. We defined an orthogonal estimand (OE).

2. (Debiasedness) We showed that an expectation of the OE converges
at N~12 rate if the nuisance converges at N~ rate.

3. For the BD adjustment, f?%(V; {u, z}) estimand has doubly
robustness & debiasedness.

Next, we will study finite sample properties.

44



Estimating with finite
samples



Estimating with finite samples

cC(P)y —

Orthogonal 7(V;#)

D~ P(ZX,Y)

DML(C(P). D)
Estimation |

The DML estimator
T’ that estimates (),
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Estimating with finite samples

So far, we study the power of the orthogonal estimand.

Now, we connect the estimand to the estimation task using finite samples.

>

c(p) — Orthogonal f(V;n) DML(C(P). D) 1 TI'=0Q,

Estimation |~ The DML estimator

/y T that estimates ().
=

D~ P(ZX,Y)
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Estimating with Finite Samples

Debiasedness:
1 f(V; 1) is orthogonal, E[f(V; )] — C(P) = Op (|| ~ "o 13)

An estimator of C(P) using an estimand f(V;#) is
£, [fvi)] =~ Y v
p (Vsip) = _ Vi),

where /) denotes an estimated nuisance.

EpLf(Viip)] — C(P)
= EpLAV; )] — Eplf(V;ip)] + Eplf(V;i)] — C(P)

We will focus on analyzing the remaining term: E,[ f(V;7)] — Ep[f(V; )]
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Law of Large Numbers (LLN)

Remaining term:

1 N
ELAV: D] = BplAViD] = = > f(Vi i) = EpL (VD).
i=1

Law of Large Numbers (LLN)
For any fixed 1., Ep[ f(V; +)] converges to Ep[ f(V; 71:)].

Concentration inequalities (e.g., Hoeffding’s inequality)

For any fixed 17+, Ep[ f(V;1:)] converges to Ep[ f(V; 1:)] at N™12 rate.
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Challenges in LLN

For any fixed 17+, Epl AV )] — Epl f(V; n:)] = 0 at N~V rate.

Consider Ep[ (V)] — EpLf(V;#7)], where 77 := n(D) is an estimate using
samples D.

; IR I .
- Equivalently, consider — ; F(V, 2(N)) = E[F(V; H(N)]

The LLN is not applicable

... Without any special treatises, Ep[ f(V; )] — Ep[f(V;7)] is
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Uniform Convergence

To guarantee E,[ f(V;7)] — Ep[f(V;#)] — O, we should have a following worst-
case convergence guarantee:

Uniform convergence

sup, e (Eplf(Vim)] — EpLA(Vim]) — 0
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Uniform Convergence

To guarantee E,[ f(V;7)] — Ep[f(V;#)] — O, we should have a following worst-
case convergence guarantee:

Uniform convergence

sup, e (Eplf(Vim)] — EpLA(Vim]) — 0

Then, E,[ f(V;17)] — Ep[f(V;#)] = O obviously holds.
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Donsker Class

For some function class H( 3 #), the uniform convergence holds.

Donsker class

Aclass H s.t. sup, ey (Ep[f(V;m] — Ep[f(Vin)]) — 0at N~ rate

Example: A function class with bounded VC-dimension (called VC-class).

. differentiable functions
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Error analysis under Donsker

 Eplf(Vsm] = Eplf(V;i)] — O at
N2 rate.

Eplf(V;ip] — C(P) = Eplf(Vim)] = Eplf(ViiD)] + Ep[ f(V3iD] — C(P)
=0 <|| 1 — 1o ||%)

Then, the estimator [E [ f(V;17)] converges to C(P) even if 1j converges slow
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However, the Donsker class assumption is restrictive!

No guarantee that modern ML methods (e.q., deep and complicated
neural networks) fall into the Donsker class.
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However, the Donsker class assumption is restrictive!

No guarantee that modern ML methods (e.q., deep and complicated
neural networks) fall into the Donsker class.

7 \
S
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Releasing Donsker Assumption

Recall the Law of Large Numbers and the concentration inequality:

For any fixed 1., Ep[ f(V;1+)] — Eplf(V;5+)] = O at N2 rate.

This can be rewritten as a following principle

For any # independent to samples D,
Eplf (V] — Eplf(V;n)] = 0at N~ rate.
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Releasing Donsker Assumption

Recall the Law of Large Numbers and the concentration inequality:

For any fixed 17+, Ep AV )] — Epl f(V; )] = 0 at N™V2 rate.

This can be rewritten as a following principle

For any # independent to samples D,
Eplf (V] — Eplf(V;n)] = 0at N~ rate.

Suppose 7] is estimated from a separate dataset D’ that is independent to D.
Then,

EpLf(V:)] — Eplf(V;7)] — 0at N~V rate.
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Releasing Donsker Assumption

Recall the Law of Large Numbers and the concentration inequality:

For any fixed 1., Ep[ f(V;1+)] — Eplf(V;5+)] = O at N2 rate.

This can be rewritten as a following principle

For any # independent to samples D,
Eplf (V] — Eplf(V;n)] = 0at N~ rate.

Suppose 7] is estimated from a separate dataset D’ that is independent to D.
Then,

EpLf(V;)] — EplA(V;7)] — 0at N4 rate.

This doesn’t require the Donsker class assumption!
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Sample splitting procedure

Split D into two random halves D, D;.
Fork € {0,1},

Let 77, denote the estimated nuisance using D
Let Ty == B, |[f(Vidy)]

Let T := (T, + T))/2.

Donsker class
Then, T — E [f(V; ﬁ)] 5 0at N-2 rate assumption is dropped.
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Sample Splitting

Sample splitting procedure

Split D into two random halves D, D;.

Fork € {0,1},

Let 77, denote the estimated nuisance using D

Let Ty := Ep,_ [A(V; )

Let T := (T, + T))/2.

Then, T — [E [f(V; ﬁ)] — 0 at N~ rate

Donsker class
assumption is dropped.

Any ML models can be
employed!
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Intermediate Summary -
Sample Splitting

For the empirical term E [ f(V;77)] — Ep[f(V; )] to converges to zero
at a fast rate, we need

1. (Donsker Class) the nuisance function class should be Donsker, or

2. (Sample splitting) Samples used for training # and evaluating the
empirical average [, should be independent.

Now we are ready to formally define the DML estimator.
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Double/Debiased Machine Learning (DML)

Given a target quantity C(P) and the data D, a DML estimator T is an estimator
derived from

C(P)

D~ P(ZX,Y)
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€ an orthogonal estimand f(V; 1), and
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Definition of DML

Double/Debiased Machine Learning (DML)

Given a target quantity C(P) and the data D, a DML estimator T is an estimator

derived from

€ an orthogonal estimand f(V; 1), and

e the sample-splitting procedure.

~.

cp) |/ rnegenal
fVin)
| Sample
D~PZXY) T splitting

e

DML

T =0,
The DML estimator 7 that
estimates Q, = C(P).
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2. (Sample splitting) Samples used for training # and evaluating the
empirical average [, should be independent.

The DML estimator achieves debiasedness property! It converges at
N~12 rate if fj converges to 1, at N~/ rate.

Now we are ready to formally define the DML estimator.
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e Part 1: Double/Debiased Machine Learning (DML)

Chernozhukov, Victor, et al. "Double/debiased machine learning for treatment and
structural parameters: Double/debiased machine learning." The Econometrics Journal
21.1 (2018).

e Part 2. DML for any identifiable functional

Jung, Tian, Bareinboim (2021a). Estimating Identifiable Causal Effects through Double
Machine Learning. In Proceedings of the 35th AAAI Conference on Al, 2021.
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Causal Effect Identification

A Given {G, P, Qo},
./ \‘ the causal effect identification (ID) task
X Y
Causal graph (G)
P(Z, X, ) ID(G, P, Q)

Distribution on G (P)

ID algorithm

Qy := E[Y]|do(x)] /

Causal Query (Qo)




Causal Effect Identification

2 Given {G, P, Qu},
. / \. the causal effect identification (ID) task
X Y finds the functional C(P) s.t. C(P) = Q,.
Causal graph (G)
P(Z,X,Y) ID(G, P, Q) C(P)= ) E[Y|x,z]P()
Distribution on G (P) ID algorithm { Causal functional

c(P) s.t. C(P) = Q,

Qy := E[Y]|do(x)] /

Causal Query (Qo)
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Causal Effect Estimation:
Back-door Adjustment

(Y00l = ), ElY|x.21P@).

Double/Debiased Machine Learning Estimator:

- The estimator T for E[ Y(x)] composed of estimates 7, := I]AE[le, z| and
n, = P(x|2);ie., T = T(n,n).

- T(n,,n,) converges fast even when either 5, or 1, is correct; or 1, §, converge
slowly.
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Causal Effect Estimation:
Limitation
When the identification expression is beyond the back-door

adjustment, virtually no estimators are available.

b For example, when the graph satisfies the “front-door criteria” , the expression
IS not a BD adjustment, so the existing estimators are not applicable.

Front-door

- E[Y()l = ), Pizlx) ), E[Y|x.z]P(x)
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Causal Effect Estimation:
Our Tasks

My research interest centers around developing estimators for any
identifiable causal effects.

b For example, in [AAAI-21], we extended the DML estimator for generally
iIdentifiable causal effects.

b The estimator has the DML robustness property.
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Goal of the talk

We will study the construction of the DML estimator for general causal
functional

C(P) = Py(y)

We assume the followings in the lecture.

V is a set of discrete variables.

P(v) > O for any v.
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Multi-outcome
sequential BD (ImSBD)

Jung, Yonghan, Jin Tian, and Elias Bareinboim. "Estimating causal effects using
weighting-based estimators." Proceedings of the AAAI Conference on Artificial
Intelligence. Vol. 34. No. 06. 2020.
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Multi-outcome sequential BD (mSBD): An extension of BD, where, at 1
th round, Z; satisfies the BD criterion relative to { X, Y}

Z, Z,
. /\‘ .//\‘
Xl Yl X2 Y2
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Multi-outcome sequential BD
(MSBD)

Multi-outcome sequential BD (mSBD): An extension of BD, where, at 1
th round, Z; satisfies the BD criterion relative to { X, Y}

 This can cover the case where there are no unmeasured confounder
between X = {X,---,X }and Y = {Y, -, Y }.
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Multi-outcome sequential BD
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mSBD adjustment: If Z = {Z,, -+, Z,} satisfies the mSBD criterion
relative to (X, Y), X = {X,, -, X}

P(yldo) = Y | | POilx®, 20,y [ | P10, 2070,y

z YeY Zel
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MSBD - example

2,2, } satisfies mSBD criterion relative to ({ X, X, }, 1Y}, Yo }).
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2,2, } satisfies mSBD criterion relative to ({ X, X, }, 1Y}, Yo }).

le,xz(ylayZ) — ZP(Zl)P(yl |X1, ZI)P(Z2|Z19x19y1)P(y2|Z19x19y19 Z2,.X2)

Z] 3Z2
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REG Estimand for mSBD - Proof

E[f*E9(V; Hy)] = E[H,(x,)] = C(P)

Zl 7Z2

H3(x3) := I, (Y, Y))
H3(xy) = E[H | x5, X,, Y}, ZO] = I, (Y)P(y,| 5, X,, ¥, Z®)
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REG Estimand for mSBD - Proof

E[f*E9(V; Hy)] = E[H,(x,)] = C(P)

{1542
Hy(xy) :=1, (Y}, Y)
Hg(xy) = E[Hy | x0, X, Y1, Z9] = L, (Y)P(y, | x5, Xy, Yy, Z2)
H&(XQ = E[H§|X1,Z1] = ZZZ P(y2|X(2),y1,z2, Z1)P(ZQ|X1,Y1aZ1)P(Y1 |x1,Z1)
E[Hy(x)] = ELf*C(V;0)] = Z P(y, | X2, y1, 20, 20)P(20 | X1, y1, 2Py | X1, 2)P(2))

— le,xz(yl’ y2) 16
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FEYVL ) i= WHL(Y) for

I, (X,)

Wo = 11 af (X (=), Z(P), Y (P-D)
p:

. Where
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|IPW Estimand for mSBD

FEYVL ) i= WHL(Y) for

_ - pr (Xp )

n
0 H 7P(X(P-D, Z(P), Y(p-D)
p=1 0 ’ ’

. Where

(p—1) (p) y(p—1y .— (p—1) (p) y(p—1)
(XD, ZP), YD) == (X, | XP=D, ZP), Y-
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a1 1)1 =

Zl 9Z2

:Zy

xl xz(Xl ’ XZ)

PX\ | Z)P(X3 | 2, Xy, Y1) o

P(y29 -x29 Zzayla-xl? Zl)
x'z P(x) | z)P(x5 | 2, x1, y1) b

( 12 Y2)

(y19 }’2) X1,X7 (xiaxé)
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FPRV: {Hp, T} = Hy(x)) + Z WolHY™ (i) — Hy(Xp) ),
k=1

H(’)"“(xn 1) = Iy(Y) (for notational convenience)

Foralk=n,n-—1,---,1
H(Xp) = E[Hy ' (g4p) | X, XD, YEED, Z09]

HA () = E[HN (3, ) | 3 X6, YR, Z0)

I, (X,)

k
Wk = , where
0 IH b (X(P=D, Z(p), Y (P-D)

(—:1) (p) yr—Dy .— (p=D 7(p) y(p-1)
ﬂé’(Xp WALR € ).—P(Xp|Xp LA Y WP
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DR Estimand for mSBD —
Example 1

)\v'
>,

FPROV; {Hy, Wy)) = H(%(xl) n W&(Hg(xz) — H&(Xl)) + Wg(ly(Y) - Hg(Xz))
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)\v'
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9 le (Xl) Ix2(X2)
Y m(Z) m(X, 22, Y))
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DR Estimand for mSBD —
Example 2

fDR(V; {H09 WO}) - H(%(xl) -+ W&(Hg(xz) — HOI(Xl)) + Wg(ly(Y) o Hg(Xz))

le(Xl) Ixz(XQ) 1 le(Xl)
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Orthogonality of the DR estimand -
Proof Sketch 1

PRVARLIT) = H'(x) + ) WH{H™ (x,,) — H(X)} is
i=1
an orthogonal estimand.
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0 0 ! . . . .
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Debiasedness &
Doubly Robustness

EL/PRV: (HII)] - C(P) = ) Op (| H' = Hy ||| 2" — 7 |])
=1

Debiasedness: [E| fDR(V {H IT})] converges to the mSBD adjustment
C(P) at N~'? rate if H', &' converge to Hl , myat N~ 4 rate.

e Doubly robustness: E[ fPR(V; {H,I1})] = C(P) if either H' = H’ or
71'—7Z'Of0ra||l€{12 ,n}.
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So far,

1. (MSBD adjustment) We defined the mSBD adjustment, which is an
extension of the BD adjustment.

2. (Orthogonal Estimand) We defined the orthogonal estimand of the
MmSBD adjustment.
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Recap: Causal Effect
|dentification

2 Given {G, P, Qu},
. / \. the causal effect identification (ID) task
X Y finds the functional C(P) s.t. C(P) = Q,.
Causal graph (G)
P(Z,X,Y) ID(G, P, Q) C(P)= ) E[Y|x,z]P()

Distribution on G (P) Causal functional

ID algorithm

C(P) s.t. C(P) = Q,

Qp 1= E[Y]do(x)] /

Causal Query (Qo)
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Conditional Independence and
d-Separation

If { G, P} are induced by the SCM, then, the conditional
independence in P is represented as a d-separation in G.

CO—(—(

D-separation: The path from X to Y is blocked by Z;
(X 1L Y|Z)g

Conditional independence: Then, in the corresponding distribution P
induced by the SCM,
XL Y|Z)pie., PY|X,Z)=P(Y|Z).
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Intervention and Causal Graph Gy

(G Intervention do(X = 1) (replacing X « f, to X « X) induces
X X

the graph where the incoming edges to X is cut.

do(X = x)
X
SCM SCM (do(X = 1))
Z <142 Z — [,(Uy)
X « fx(Z, Uy) Y o o

Y « fAZ, X, Uy) Y(x) <« fAZ, X = 1,Uy)
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Counterfactual and Causal Graph Gy

G Y The counterfactual variable Y(x) can be expressed in the

graph by cutting outgoing edges of the node X.

©
; &S~

SCM SCM’
Z — [AUy) Z < [A(Uyp)
X « f(Z, Uy) X « fy(Uy, Z)

Y « f,(Z,X, Uy) Y(x) « f(Z, X = 1,Uy)

33
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do-Calculus - R1:
Excluding Observation

Rule 1: If (Y 1L Z| X, W)g,, then
P(y|do(x),z, W) = P(y|do(x), w)

Gy is a graph for P( - | do(x)).

(Y 1L Z| X, W)¢, means the conditional independence of Y, Z given W on
P(y|do(x)).
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do-Calculus - R2:
Exchanging Intervention/Observation

Rule 2: If (Y 1L Z| X, W)G;—(z’ then
P(y|do(x),do(z),w) = P(y|do(x), z, w)

Gy is a graph for P(Y(2), Z, W(2) | do(x)).



do-Calculus - R2:
Exchanging Intervention/Observation

Rule 2: If (Y 1L Z| X, W)G;—(z’ then
P(y|do(x),do(z),w) = P(y|do(x), z, w)

Gy is a graph for P(Y(2), Z, W(2) | do(x)).

(Y 1L Z| X, W)G)_(Z means the conditional independence of
counterfactuals Y(z), Z given Won P( - |do(x)).
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do-Calculus - R3:
Excluding Intervention

Rule 3: If (Y 1L Z| X, W)G)_(m, where Z(W) := Z\An(W)G)_(
P(y|do(x),do(z),w) = P(y|do(x), w)

If (Y, Z) are conditionally independent after intervening { X, Z}, then Z is a
redundant intervention, so it can be removed.
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do-Calculus:
Example to Back-door

pas

E[Y|do(x)] = Z E[Y|do(x), z]P(z|do(x)) Marginalization over Z = 7

= Z E[Y|do(x),z]P(z) R3:(Z 1L X)q. @8@

<

= Z E[Y|x,z]P(z) R2: (Y 1L X|Z)GX ﬁ@

<
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do-Calculus:
Example to Front-door

DD

E[Y|do(x)] = ) P(z|do(x))E[Y|do(x),2]
- Marginalization over Z = 7
— ZP(zlx)[E[YWO(X)aZ]
— Z P(z| x)E[Y|do(x, 2)]
— ZP(zlx)[E[YWO(Z)]
= ) P(z|x) ) E[Y|x,do()]P(x'| do(2))
= ) P(z|x) ) E[Y|x,do)]P(x)

= ) P(z|x) ) E[Y|x,z]P(x)
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Marginalization over Z = 7
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Marginalization over Z = 7
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DD

E[Y|do(x)] = 2 P(z|do(x))E[Y | do(x), z]

Marginalization over Z = 7

— ZP(Z|X)[E[Y|dO(x)’Z] R2: (Z 1L X) Qﬁ/@)@
4 : Gy
= > P@I0E[Y|do(x,2)] (Y 1L Z| X)g. @—»@\b

= 2 PGIVEIYIdo@)] gy 1) ) 7).

B Z Pzl0 Z E[Y]x', do(2)]P(x"| do(z)) Marginalization over X = x
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— ZP(Z|X)[E[Y|dO(x)’Z] R2: (Z 1L X) Qﬁ/@)@
4 : Gy
= > P@I0E[Y|do(x,2)] (Y 1L Z| X)g. @—»@\b

= ZP(le)[E[YldO(Z)] R3: (YJ_L Xlz)G
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do-Calculus:
Example to Front-door

DD

E[Y|do(x)] = 2 P(z|do(x))E[Y | do(x), z]

Marginalization over Z = 7

— ZP(Z|X)[E[Y|dO(x)’Z] R2: (Z 1L X) Qﬁ/@)@
4 ; Gy
= > P@I0E[Y|do(x,2)] (Y 1L Z| X)g. @—»@\b

= 2 PGIVEIYIdo@)] gy 1) ) 7).

= Z P(z|x) Z E[Y|x', do(2)]P(x'| do(2)) Marginalization over X = x

— Z P(z]x) Z E[Y|x',do(z)]P(x")R3: (X LL Z)g, Qj/@%

= ) P(z|x) ) E[Y|x,2]P(x)) R2: (Y L Z|X)q, ).: @\®
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do-Calculus:
Soundness and Completeness

The causal effect is identifiable (i.e.,
[ Y| do(x)] can be written as a function

C(P)) if-and-only-if there is a series of do-
calculus application.
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do-Calculus:
Algorithmic Procedure

There is an algorithm (e.g., CausalFusion) that
finds such rules for identifying causality.
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Soundness and
Completeness of DML-ID

Soundness and Completeness of DML-ID

A causal effect P (y) is identifiable if-and-only-if It can be written as a
function of mSBD adjustments; i.e.,

Py(y) = AGM"})

for a function M*“.

41
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Example of DML-ID: Napkin

i E Pyl wPe)
O ldox)) = 2., Px|r,w)P(w) T Ma

42
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DML estimator



What we learned so far



What we learned so far

MmSBD adjustment:
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MmSBD adjustment:
P(y|dox)) = Y [T P0i1x®,20,yD) TT Pz, | xD, 207D, yi=D)

z YeY VASY/

Orthogonal (and Doubly-Robust) estimand for mSBD:

PRV {HLITY) = H (x)) + Z WHH™ (x;,,) — H'(X)},
i=1
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MmSBD adjustment:
P(y|dox)) = Y [T P0i1x®,20,yD) TT Pz, | xD, 207D, yi=D)

z YeY VASY/

Orthogonal (and Doubly-Robust) estimand for mSBD:

PRV {HLITY) = H (x)) + Z WHH™ (x;,,) — H'(X)},
i=1

Result of DML-ID: Any identifiable causal effect can be represented as
an arithmetic function of mSBDs:

P(y) = AQM"}).
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Result of DML-ID: Any identifiable causal effect can be represented as
an arithmetic function of mSBDs:

P(y) = AQM*})
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Deriving an
Orthogonal Estimand - 1

Result of DML-ID: Any identifiable causal effect can be represented as
an arithmetic function of mSBDs:

P(y) = AQM®})

A( -) is an arithmetic operator

My is an individual mSBD adjustment that
composes the ID expression of P (y)
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Deriving an
Orthogonal Estimand - 1

Result of DML-ID: Any identifiable causal effect can be represented as
an arithmetic function of mSBDs:

P(y) = AQM®})

A( -) is an arithmetic operator

My is an individual mSBD adjustment that

composes the ID expression of P (y)

For an mSBD operator M, let ;) := E[/P5(V; {H,.I1,})] denote an
expectation of the DR (mSBD) estimand with true nuisances H,, 11,,.

45



Deriving an
Orthogonal Estimand - 2

P(y) = AGM" )2
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Deriving an
Orthogonal Estimand - 2

P(y) = AGM" )2

Recall that, for a mSBD adjustment M, Mg, = E[/(V;{Hy, WD =M
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Deriving an
Orthogonal Estimand - 2

P(y) = AGM" )2

Recall that, for a mSBD adjustment M, Mg, = E[/(V;{Hy, WD =M

P(y) = Al e}
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Deriving an
Orthogonal Estimand - 2

P(y) = AGM" )2

Recall that, for a mSBD adjustment M, Mg, = E[/(V;{Hy, WD =M

P(y) = Al e}

P_(y) can be represented as an expectation of the DR estimands of
the mSBD adjustments.

46



Example for deriving an

Orthogonal Estimand - 1

4'7 (~“~
“ O[X,Y] Mlx,y|r;w]
. % Q[Y] — —
"R ' QY] Mlx|r,w]
. ' Me
“ :' =A(M1,M2) —_ -
Y ¥ MP

® >@®
X Y
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Orthogonal Estimand - 1

o[Y] = OlX. Y] _ Mlx,y|r;w]
' O[Y] M{x|r;w]

— 1 2 _Ma
= AM',M?) =
MP

M¢ = Mg -= E[ /PR(V; {H{, Iy })], where
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MP

M¢ = Mg -= E[ /PR(V; {H{, Iy })], where
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I(R)
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Example for deriving an
Orthogonal Estimand - 1

OIX, Y]  Mlx,y|r;w]

Y] = —
ol OlY] Mlx|r;w]

— 1 2N ‘
_A(M,M)_—M
Mb

M¢ = Mg -= E[ /PR(V; {H{, Iy })], where

I(R)

DR %7 . a —
SV {HA ) = ZRIW)

<1x,y(x, Y) — H“(R)) + HYP)

HY(R) := E[I, (X, Y)|R, W],

47
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Example for deriving an
Orthogonal Estimand - 1

"4" (~~~
',' / “‘ Q[Y] — Q[X, Y] . M[x,y | I W]
- R ‘ olY] Mx|r;w]

; ' M
\ ' =AM, M?) = -
¢ -& M
X Y

M¢ = Mg -= E[ /PR(V; {H{, Iy })], where

I(R)
(R W)

fPR(V; (9,11 ) = (£, (X, Y) = HOR) ) + ()
Hy(R) :=E[I, (X, Y)|R, W], Hyj(r) :=E[L (X, Y)|[r,W], my(R|W) :=PR|W)

Myg -= ELFCV; {Hg, 1] = M*



Example for deriving an
Orthogonal Estimand - 2

4'7 (~~~
R N O[X,Y] Mlx,y|r;w]
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MPb
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X Y
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Orthogonal Estimand - 2
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MP = pag = El PRV, {HS, D)1, where



Example for deriving an
Orthogonal Estimand - 2

"47 (~~~
. / N o[y = OIX.Y]  Mlx,y|r;w]
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Example for deriving an
Orthogonal Estimand - 2

"47 (~~~
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Example for deriving an
Orthogonal Estimand - 2

"47 (~~~
. / N o[y = OIX.Y]  Mlx,y|r;w]
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>®
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MP = pag = El PRV, {HS, D)1, where

I(R)
T(R|W)

PRV {HE, 1) = (LX) = H'(R)) + H'(r)
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Example for deriving an

"47 (~~~
. / N o[y = OIX.Y]  Mlx,y|r;w]
‘' R ' olY] Mix|r;w]

; ' M@
\ ' =AM, M?) = —
Y ¥ MP

>®
X Y

Orthogonal Estimand - 2

MP = pag = El PRV, {HS, D)1, where

[,(R)

DR . b —

(I.X) — H*(R)) + H(r)

H{(R) := E[L(X)|R,W],  H(r) :=ELX)|r,W], mR|W)

= P(R|W)

48



Example for deriving an
Orthogonal Estimand - 2

"47 (~~~
. / N o[y = OIX.Y]  Mlx,y|r;w]
‘' R ' olY] Mix|r;w]

; ' M@
\ ' =AM, M?) = —
Y ¥ MP

>®
X Y

MP = pag = El PRV, {HS, D)1, where

I(R)
T(R|W)

fORV; {HP,IT}) = (LX) = H'(R)) + H (r)
H)(R) :=E[L(X)|R, W],  HXr):=ELX)|r,W], mR|W):=PR|W)

pg = ELF(V; (o)) = MP
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Example for deriving an
Orthogonal Estimand - 3
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Example for deriving an
Orthogonal Estimand - 3

v O[X.Y] Mix,y|r;w]

/" R B = =0T T Mo
s
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Example for deriving an
Orthogonal Estimand - 3

w
X, Y] Mix,y|r,w]
L0 uh DN Px(y)=Q[Y] — % — yl
OlYl — Mix|r;w]
:I R \‘l B a b B Ma
:‘ / ': Px(y)—A(MaM)—Mb
o e

49



Example for deriving an
Orthogonal Estimand - 3

i Py = ofy] < QYT _ Mixyirwl
/"‘ ST TOT T Mkl vl
R ! ) M¢
: / : P(y) =AM M) = —
] ¢
o >® KMy
v = A(Hpgor Pap) = —

K
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Constructing DML estimators

Given

PX(Y) — A({IuMg}Zl:l),

the DML estimator is given as follow:
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Constructing DML estimators

Given

PX(Y) — A({IuMg}Zl:l),

the DML estimator is given as follow:

I'= A(Ufpga} g1,

for iy := Ep PRV, {ﬁ, W}) s.t. # are trained using samples
independent to D

50



Error Analysis - 1

T = A({fipa}iy) for fip = Ep [fDR(V; {ﬁ,W})]




Error Analysis - 1

T = A({fipa}iy) for fip = Ep [fDR(V; {ﬁ,W})]

T— C(P) = Op(N""*) + Op < Z e(lye ))

a=1

for € (fiy) leHl H) Il 7' == I,
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Error Analysis - 1

T = A({fipa}iy) for fip = Ep [fDR(V; {ﬁ,W})]

T— C(P) = Op(N""*) + Op < Z e(lye ))

a=1
for € (fiy) leHl H Il #' = = |,

(where {H', nl}?zl are nuisances for fi,,.)
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Error Analysis - 2

T—CP) = 0N+ 0 ( 3" el

a=1
for € (fiy) : leHl H Il #' = = |,

(where {H', nl}?zl are nuisances for fi,,.)
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Error Analysis - 2

T — C(P) = Ox(N"Y*) + O, ( Z G(MMa)>

a=1

for € (fiy) : ZIIHl H Nl = = = I,

(where {H', ﬂl}?zl are nuisances for fi,,.)

Debiasedness: T converges to C(P) at N~'? rate if all nuisances for Haga
(i.e., {H', ©'}._,) converge at N~ rate.
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Error Analysis - 2

T — C(P) = Op(N"?) + O, ( Z e(ﬂMa)>

a=1
for € (fiy) : ZIIHl H) Il 7' == I,

(where {H', }?zl are nuisances for fi,,.)

Debiasedness: T converges to C(P) at N~'? rate if all nuisances for Haga
(i.e., {H', ©'}._,) converge at N~ rate.

e Doubly robustness: T = P (y) if, for all nuisances for y,. (i.e., {H', ﬂi}?zl)

i pri i i
H —HOOI’JZ' = 1T,
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Error Analysis - Proof 1

T=Py) =0p( X" Vi — st}

a=1

It can be witnessed by

T = Py(y) = Al{Apa}) — A({ppge})
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Error Analysis - Proof 1

T=Py) =0p( X" Vi — st}

a=1

It can be witnessed by

T = Py(y) = Al{Apa}) — A({ppge})

= Op ( Z (Hpga — ﬂg))
a=1

53



Error Analysis - Proof 2

T = Py(y) = Op ( Z:;l Ut = ”MS‘})

Note that



Error Analysis - Proof 2

T = Py(y) = Op ( Z:;l Ut = ”Mé’})

Note that

e = Hagg = Eplf(V; {H, I1})] — C(P)



Error Analysis - Proof 2

T'—P(y) = 0p<za e = g })

Note that

Avge = Hagg = EplfPR(V; {(HLTI)] - C(P)
= Op(N"") + 3 Op (Il H' = Hy Il 7' = =) |1
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DML estimator for
the Napkin Graph

2 Peylr,wP(w) iy
P(y) = =
2 Pxlrw)Pw)
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DML estimator for
the Napkin Graph

X, POy rwIPOY) g

Px(.Y) —

>, PEIRwPw) g

Aya= EplfPR(V; {HL I D] = Ep [

I(R)

T(R|W)

(I,(X,Y) — HYR)) + H“(r)]
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DML estimator for
the Napkin Graph

2 Peylr,wP(w) iy
P(y) = =
2 Pxlrw)Pw)

I(R)
T(R|W)

fya= Epl PRV {(HY, T D] = Ep [ U (X, Y) = HYR)} + H“(I’)]

I(R)
7(R|W)

= EplfPX(V {HP, I} )] = Ep [ {I(X) — H*(R)} +Hb(l’)]



DML estimator for
the Napkin Graph

2 Peylr,wP(w) iy
P(y) = =
2 Pxlrw)Pw)

I(R)
T(R|W)

fya= Epl PRV {(HY, T D] = Ep [ U (X, Y) = HYR)} + H“(I’)]

I(R)
7(R|W)

= EplfPX(V {HP, I} )] = Ep [ {I(X) — H*(R)} +Hb(l’)]

where samples for training nuisances and evaluatingfa,fb are independent (sample-splitting).
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DML estimator for
the Napkin Graph

2 Peylr,wP(w) iy
P(y) = =
2 Pxlrw)Pw)

I(R)
T(R|W)

fya= Epl PRV {(HY, T D] = Ep [ U (X, Y) = HYR)} + H“(I’)]

I(R)
7(R|W)

= EplfPX(V {HP, I} )] = Ep [ {I(X) — H*(R)} +Hb(l’)]

where samples for training nuisances and evaluatingfa,fb are independent (sample-splitting).

Then, the DML estimator for the example is

A\

H e

Kb

T .=

29



DML estimator for
the Napkin Graph

I = /fi
H b




DML estimator for
the Napkin Graph

H e

I':=—
H b

a Debiasedness: T converges to C(P) at N~? rate if all nuisances in
firsas fiyy» are converging at N~ 4 rate.



DML estimator for
the Napkin Graph

Ayai= Epl 28 (Vs (HY, T} )]

T =

H e

Hp

I(R)

|

A= EplfPR(V; (HP, I} )] = Ep [

(R W)
1(R)

T(R|W)

(I.,(X,Y) = H'R)} + Ha(r)]

{(I(X) — H"(R)} +Hb(i’)]

a Debiasedness: T converges to C(P) at N~? rate if all nuisances in
firsas fiyy» are converging at N~ 4 rate.

e Doubly robustness: T = P (y) if H* = Hj or = ﬂé; and H” = H(’)’ or ' = ”6
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Error Analysis - Napkin Example 1

A _ Py
T—PX(Y)=O[ Z ﬂMz_ﬂM(t)] I==

i€la,b}
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Error Analysis - Napkin

Ir-°P(y)=0 Z v = Mg
i€{a,b}

Example 1
T = '?Ma
K
Hyge)

o7



Error Analysis - Napkin Example 2

A _ P
T—PX(Y)=O[ Z ﬂMz_ﬂM(t)] I==

i€la,b}
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Error Analysis - Napkin Example 2

A _ P
T—PX(Y)=O[ Z MMz_ﬂM(t)] I==

i€la,b}

Recall  fiys — piyge = Op(N™"?) + Op (Il H* = H{ ||| 7= 7, 1)
figs = g = Op(N™2) + Op (Il H” = HY |l 7= 7, 1)

where {H', 7'} are nuisances for M € {M¢, M"}
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Error Analysis - Napkin Example 2

r-p~P(y)=0 Z lei_ﬂMg) I==
ic{a,b}

Recall  fiys — piyge = Op(N™"?) + Op (Il H* = H{ ||| 7= 7, 1)
figs = g = Op(N™2) + Op (Il H” = HY |l 7= 7, 1)

where {H', 7'} are nuisances for M € {M¢, M"}

Debiasedness: T converges to C(P) at N~? rate if H*, H?, r converge to
Hy, Hb 7z0 at N~ rate.

e Doubly robustness: T'= P (y) if H* = Hj or nl = ﬂé; and H” = H(l)? or 7' = ﬂé
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Empirical Evidence



Empirical result —
Expected results

N Y, Py |, w)P(w)
. P(y)=C(P) =

2., PG| r,w)P(w)
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Empirical result —
Expected results

ZWP(x,ylr, w)P(w)
ZW P(x|r,w)P(w)

X PGyl w)P(w)
C(P) = n .
2 PG| r,w)P(w)

L P =CP) =

C(}A’): the plug-in estimator, only viable estimator working for identifiable
causal functional.
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Empirical results

P(x,y|r,w) P(r|w)

misspecified. § misspecified.
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Empirical results

P(x,y|r,w) P(r{w)

misspecified. § misspecified.
0.20 v 0.20
0.15 0.15
0.10 0.10
0.05 \‘\‘\,‘_A;: 0.05 \\\F‘g‘_‘ -
0.00 0.00 0.00

0 2500 5000 7500 10000 0 2500 5000 7500 10000 0 2500 5000 7500 10000
N : N : N

e (Debiasedness; Left) DML converges (i.e., the error decreases) faster even
when nuisances converge slower rate (N~ /4).
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Empirical results

P(x,y|r,w) P(r{w)

misspecified. § misspecified.
0.20 v 0.20
0.15 0.15
0.10 0.10
0.05 \‘\‘\,‘_A;: 0.05 \\\F‘g‘_‘ -
0.00 0.00 0.00

0 2500 5000 7500 10000 0 2500 5000 7500 10000 0 2500 5000 7500 10000
N : N : N

e (Debiasedness; Left) DML converges (i.e., the error decreases) faster even
when nuisances converge slower rate (N~ /4).

e (Doubly Robustness; (Center, Right)) DML converges even when models for
either P(x, y|r, w) (center) or P(r|w) (right) is misspecified.
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Conclusions

Causal functional
P(y | do(x)) = C(P)

Data
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Conclusions

We develop a systematic procedure for constructing a DML estimator for
any identifiable causal effects.

Causal functional

P(y|do(x)=Ccwpy Orthogonal Estimand
| | f(V;n)
DML-ID Engine
Data
D
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Conclusions

We develop a systematic procedure for constructing a DML estimator for
any identifiable causal effects.

A DML estimator enjoys debiasedness and doubly robustness against
model misspecification and slow convergence rate.

Causal functional

P(y | dox)) =¢cwp) Orthogonal Estimand
| ‘ )
DML-ID Engine
D DML-ID estimator
T
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Any Questions?



