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Oy = E[Y|do(x)]
Causal Query (Qo)

Given {G, P, Qo},

Causal Effect Identification

the causal effect identification (ID) task

finds the functional C(P) s.t. C(P) = Q,

i ID algorithm |

C(P)= ), EIY|x.2]P(2)

Causal functional C(P)




Task of Causal Effect Estimation

Given {C(P), D},

=[ Y] x, Z]P(2)

Causal functional C(P)

the causal effect estimation (EST) task
CP)= ),

finds the estimator 7' that estimates the query Q.

The estimator 7 that
estimates (J,,.

EST(C(P), D) |

Estimation

D~ P(ZX.,Y)

Ul i-
i‘.

N samples (N = | D)
drawn from P, where P is
corresponding to G




Toward Double/Debiased Machine Learning

Double/Debiased Machine Learning (DIVIL) Is a framework of
constructing the estimator 7.

C(P) _—

—{ DML(C(P), D)] =L
' The DML estimator

that estimates ().

Estimation

D~ P(ZX.,Y) -




Goal of the talk

We will understand the mechanism of the DML estimator by constructing the estimator for

C(P)= ), ElY|x.zlPQ)

We assume the followings in the lecture.
X € {0,1} a binary treatment variable.
P(v) > 0O for any v.

Y is 1-dimensional variable (continuous/discrete); Z can be multivariate (continuous/discrete)



Preliminary — Law of Expectation

Let u(X, Z), A(X, Z) denote an arbitrary function of { X, Z}. Then,

Let uo(X, Z) := E[Y| X, Z].

AKX 2{Y - pX.2) ] = ) A, )y — pu(x. )} P(y | x, D)P(x | 2)P(2)

X,Y<

= ) A2 ), VPO = pu(x,2)} P, 2)
X,Z Y

=11y(X.Z)
[AX, 2) \u(X, Z) — uy(X,2) } ]




Preliminary — Law of Expectation

Let u(X, Z), A(X, Z) denote an arbitrary function of { X, Z}. Let (X, Z) := E[Y | X, Z].

AKX 2){Y - u(X. 2)}] = ) Ax. )y — p(x, 2} P(y | x, 2)P(x| 2)P()

-xayaz

= Y A2 Y (yPO]%.2)} — u(x,2)}P(x. 2)
X,Z y

=,uO(VX,Z)




Preliminary — Law of Expectation

Let A(X, Z) denote an arbitrary function of { X, Z}. Let 7y(X | Z) := P(X| Z).

= [A(X, 2)[(X)] = E[A(x, Z)my(x | Z)]

[AX DLX)] = ) AW, L (X)PE'|2) P(2)

x'.z

=7r0(x '|2)

D Alx, Dmy(x | )P(z)

“[A(x, Z)my(x| Z)]




Challenges in estimating C(P)

C(P)= ), ElY|x.zlPQ)

Estimating C(P) directly is challenging when Z is high-dimensional and a mixture of continuous/
discrete variables ...

... because estimating the density P(z) is challenging, and

... computing the marginalization Z IS hard.

<



Estimand — Alternative Representation for C(P)

C(P)= ), ElY|x.zlPQ)

Instead of directly estimating C(P), we find an alternative representation (Estimand) of
C(P), denoted /( V. 17), where...

[ f(Ving)] = C(P) = Qy when i = 1, for some 7.

V:.=1{Z X, Y} all variables; and is some function of P called



Outcome-Regression-based Estimand (REG)

C(P) = Z

x

=[ Y] x, z]p(2)

[Y|x, Z]

C(P) = ZZ

=Y x, 2] P(z)

=[f(Ving)] = C(P)

Let u(X, Z) will be any arbitrary function of { X, Z}, and uy(X, Z) := E[Y| X, Z].

fREG(V; n:=u)=ux,2)




Inverse Probability Weighting-based Estimand - 1

CP)= ), YPOIx PR

P(x|z)

= P
Z Y (y\x,z)P(x‘Z)

-3

Indicator s.t. 1 when x’=x

= D YROPGIX,2)

L(x)
vx'z P(x'| 2)

yP(z,x',y) =

P(z,x)y) =P

P(z)

P(x'| z)
P(x'| z)

P(z)

|

(y|x,2)P(x|2)P(2)

[ (X)
PX|Z)

d

C(P) = ZZ

[Y|x, z]P(2)

(Vi) ] = C(P)




Inverse Probability Weighting-based Estimand - 2

C(P) =

i [ LX) Y] C(P) = D ELY|x.2]P@)

PX12) (Vo] = C(P)

Let (X |Z) is an arbitrary positive function and 7,(X|Z) := P(X|Z).

[(X)
n(X|Z)

Y

Let PV (Vi := 1) =



Doubly Robust Estimand - 1

P)y= ) E[Y|x,z]P

CP) = E [PV m)] - o C(P)= ), E[Y|x.2]P(2)
+E[(Vi up)] = C(P) E[AVn)] = C(P)

[(X)
I YT fEAVing o= ) = p(x, Z)
1(X)
IPW Ve = . — X Y
= C(P) is shown next ;e =) n(X|Z)




Doubly Robust Estimand - 2

- | A _ I(x)
[ﬂO(X|Z) ol Z)] - me()(x T M) P PR

= [Y\xz] —ﬂo(X\Z)

— Z [ Y] x, z]P(z) = C(P)

<
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Doubly Robust Estimand - 3

[ (X
C(P) = E |[f"™Y(V; my)| + EL/*(V; pp)] — E [ﬂ E;((‘)Z) Ho(X, Z)]
0
_r | apw . REG/\/. .+ \ _ [(X)

_ [ 1(X)

ﬂO(X‘Z) {Y_ /’t()(Xa Z)} +/’t0(x9 Z)]

[ (X)

DR/Y/. ., — . —

{Y_ /’t(Xa Z)} T /’t(xa Z)



Doubly robustness of DR-Estimand - 1

If 7 = m,,... (correctly estimated), for any p,

A =

LYV )] = C(P)

[ PR(Vin = {p, 7))
+E[(V, )] ———B

[ LX)
B [n(X\Z)

u(X, Z)]

-C




Doubly robustness of DR-Estimand - 2

If 7 = m,,... (correctly estimated), for any p,

| LX)
(X | Z)

C =

u(X, Z)]

[(x')
— ZZ § ux', 2)P(x’| z) P(2)

(x| 2)

N

=7t0(x’\z)

[ PR(Vin = {p, 7))

— E [fIPW(V;ﬂ)] — A
+EL(Vi )] ———B
[ L0

C

B Zz”(x’ 2)P(z) = E[u(x, 2)] = E[f**“(V;w)] = B

“[PRVn = {u, m})] := C(P) + B— B = C(P)




Doubly robustness of DR-Estimand - 3

If u = p,... (correctly estimated), for any positive z,

B =

E[REC(V; )] = C(P)

PRV = {p, 7))

— E [fIPW(V; ﬂ)] e A

+E[ YV, u)] —————B
L0 Z]

_ [n(X\Z)’M( Z) | ——

C




Doubly robustness of DR-Estimand - 4

If 4 = pg,... (correctly estimated), for any positive , C[P%(Vin = {u, n))]
1 (X) — E [fIPW(V; ﬂ)] e A
(=L [ (X |Z) H O(X’ Z)] +E[ fREG(V; )| ———nB
LX) [(X) ]
_ / / —E X. Z2)|———cC
2 mie o Hno DM [n(X 217
=2 YP(Ix'2)
B L(x) L Lo L(X)
- 2 zxy w(x'| z) PPz, X, y) = [ﬂ(X | Z) Y] =A

PRV = {p, m})] := C(P) + A — A = C(P)




Doubly robustness of DR-Estimand - 6

(PR (Vi = {u, 7})] = C(P)

It 4 = u, either r =

“Doubly robustness!”. Double chances for being correct!



Intermediate Summary - Estimands

fREG(V;i’] ‘— /’t) F— ,u(x, Z) Given _[f(Va 7’]0)] — C(P),
Estimate 7, (as 7) from data D
PV i=n) = il Y a :
(X |Z) e Take the empirical average
1 &
[ (X — CONT e — C
]CDR(‘/’;7 — {ﬂa/’t}) ¢ = ﬂ(;g‘;) {Y—//t(X, Z)} +/’t(x9 Z) D[f(Va ;/])] - N Zf(‘/la 7’])
i=1

Which estimand should be chosen?

f(V;n) s.t. E[ /(V; )] converge fast despite slow convergence of 7




Orthogonal Estimand - Rough Idea

Debiasedness: Even if 7 converges to 71, slow, E[ f(V;#)] converges to E[ f(V;7,)] fast.

If E[ f(V;#n)] is invariant to the small perturbation of 7,

... even if the error of 77 Is somewhat large,

. E[ f(V; n)] will not be suffered by the error of 7.

We will formalize this idea by considering the directional derivative of [ f(V; 1)].



Orthogonal Estimand

Directional Derivative: For a function g(7), its derivative at the direction 4 is given as

0
D,g(m)ih} = Eg(rz + th)

Orthogonal Estimand: f(V; ) is an orthogonal estimand if
D, E[f(Ving){in —not =0

0
... which is equivalent to state E | (7 — 1) - a—f(V; 1) = ()
i

H=Ho



Orthogonal Estimand - 2

J(Vin) is an orthogonal estimand it D, E[ f(V;no)[{in —ny} =0

Then, by Taylor’s expansion (up to the 2nd order),

=[AVin)] -

- [f( V. )] — L e e/ L7 P T
? ;/]O gt o 7 AN

OP(H H —

For any 7,

LAV — 1)

o H%Q(P)) = Op ( =[(n7 — 770)2]), shortly, Op (H = Mo H2>

E[AVm] = C(P) = Op (Il 7= 1 112)

26



Orthogonal Estimand - Two nuisances

LAV nn" D1 = C(P) = Op (Il n* = 0§ I1°) + Op (Il n” =g I17) + Op (I 7% =g 1l n° —ng |l

AV (D] - —[f(v- {ng n{;m
= na_[f(V {77() ’7()})]

L Lo /) 77() 77()})]{770' 77()
I 2 a ,,b 2 — a a |12
+5D,7a-[f(V,{i7 DI — 1o} - OP(H " —no | )
1
+DUELAV: i on" D = ng) = = Op (Il " =g II°)

+D, D, ELAV; {n“.n°Y1n® = nn” —ng} = 0, (| n*—nd 1l n” = n2|l)




Orthogonal Estimand - Two nuisances

LAV n%n" D1 = C(P) = Op (Il n* =05 I1°) + Op (Il n” =g I17) + Op (Il 7 =g 1l n° —ng |l

Whenever n¢ and #” converges to N~"* E[ AV; {n% 1n"}] converges to C(P) at

(N—1/4)2 n (N_1/4)2 n (N—1/4)(N—1/4) — N—1/2 rate.



Orthogonal Estimand - Debiasedness

C[AVim] = CP) = Op (Il =10 113)

If n converges to 7, at some rate, say N—174

[ f(V;n)] converges to C(P) at (N~V*)? = N~V rate.

Debiasedness property of orthogonal estimands

f(V,n) is an orthogonal estimand = [E[ f(V; n)] converges much faster than 7




Is the REG estimand orthogonal?

0
E — [][REG(VUJ + t(pu — /’tO)] ‘t=0

0
— F [E OV e+ 1 — pg) It=o]

Dﬂ —[fREG(V§ Ho)l iy — Ho )=

0
: [E{ﬂ + 1y — py) } \t=o]

- [/’t(xa Z) — /’tO(xa Z)]
£ 0

FREG(V: 1) estimand is non-orthogonal.



Is the IPW estimand orthogonal?

LNV mo)[{m — my}:= —L [f[PW(V§ T+ 17 — ﬂo)] P

ot

— [ [%fIPW(V;ﬂ+ H(wr — 1) ‘t=0]

= [(ﬂ — ﬂo)if Vi) ]
orn 0

_ Lo
— {71'—71'()} ﬂg(X‘Z)

FPW(V: 1) estimand is non-orthogonal.



Is the DR estimand orthogonal?

d
D, ELfP*(V; { g, e p — poy:= —E [fPR(V; {p + 1 — po), mo}| 1,

ot

0
= [a—thR(V; i1+ t(pu— po, 7 1) \tzo]

[(ﬂ ﬂo)—fDR(V W1, 7)) | _,,,O]

| } ) X, Z)+ s 2)
— K — Ko (X, b

- m(X|Z)
= Elln = w0l ¢ DT




Is the DR estimand orthogonal? - 2

0
—E [fDR(V; (Mo, T+ 1 — ”0)}] =0

Dn_[fDR(V; {,l/i(), ) |{m— 71'0};:

0
= [EfDR(V; (g, T+ (7w — 1) }) \tzo]

0
— |:(7T — ﬂo)‘a fDR(Va {/’t()a ﬂ}) |7Z'=JZ'O]
T

[(X)

PRV, {u, }) is an orthogonal estimand!




Intermediate Summary - Orthogonal Estimands

: If f(V; i) is orthogonal, E[ f(V; )] — C(P) = Op (H = Ho H%)

[(X)

DR/Y/. ., — . —

1Y —u(X,Z)} + u(x, Z) is an orthogonal estimand.

Therefore

C[fPR(V {m,u))] — C(P) at N~V% rate if 7,y converges to 7, 4y at N~ rate.




Intermediate Summary - Orthogonal Estimands

E[PRV {mu D] = C(P) = Op (Il m— 7y Il 1 — g II)

= N~V if &, y converges at N~ = 0 if either 7 = 7y or u =

(" ) (" )



Intermediate Summary - Orthogonal Estimands

[PRV {mu D] = C(P) = Op (Il m— 7y Il 1 — g II)

[NV {m u )] = C(P) = E[fPN(V; {m 1)) — 25(Vs {mg, 1o })]
e [ [,(X) 1.(X)

{Y—//t(X,Z)} +/’t(va) —

7Z'(X | Z) ﬂO(X ‘ Z) {Y _ //tO(Xa Z)} o //tO(x, Z)]

_ [ 1(X)

x|z T HE DA HE2) = il Z)]

_ [ 1(X)

ZZ'(X‘Z) {//tO(Xa Z) o //t(Xa Z)} + /’t(xa Z) T /’tO(x? Z)]



Intermediate Summary - Orthogonal Estimands

_[fDR(V; {JZ',//t})] _ C(P) — {//tO(Xa Z) T //t(Xa Z)} T /’t(xa Z) T /’tO(xa Z)

_ [ 1,(X)
n(X|2)

. [ﬂo(x | Z)
(x| Z)

S [CE IR -
n(x|Z)

(512
n(x|Z)

{//tO(xa Z) T /’t(xa Z)} + /’t(xa Z) o ,l/t()(.X, Z)]




Intermediate Summary - Orthogonal Estimands

/
_[fDR(V; {ﬂalu})] T C(P) — 1 [{ ﬂO(x‘ ) o 1}{/10()(, Z) _//t(xa Z)}]
(x| Z)

1
[ (a1 0120 e 2~ w02

— OP(H my— 7 || g — H)



So far, we study the power of the orthogonal estimand.

Estimating with finite samples

Now, we connect the estimand to the estimation task using finite samples.

crpy ———

Orthogonal f(V; )

D~ P(Z,X,Y)

Estimation

~fomcr.n)

The DML estimator /1
that estimates (J,,.

39



Estimating with Finite Samples

If f(V; 1) is orthogonal, E[ f(V;n)] — C(P) = O (H 1= o H%)

| «N
Recall the notation £, [f(V; ﬁ)] = ~ Z 1f(Vi; 1), where 77 denotes estimated nuisance.
=

Given samples D, [E,[ f/(V; #)] is our estimator for C(P). Then, we are interested in the error

pl (Vi) = C(P) - = Epl (Vi) = Epl AV )] + Epl AV = C(P)

We will focus on analyzing the remaining term: E,[ f(V;17)] — Ex[f(V;7)].

40



Law of Large Numbers (LLN)

1 N
Remaining term: 5[ f(Vi7)] — Ep[AV:7)] = NZ]‘(V,-; m — EplAV3iD].
=1

Law of Large Numbers (LLN)
, Ep[f(V; n+)] converges to Ep[ A(V;n:)].

Concentration inequalities (e.g., Hoeffding’s inequality)

, if f(V; n.) is bounded, E,| f(V; n:)] converges to | f(V; )] at N~2 rate.

41


https://en.wikipedia.org/wiki/Hoeffding's_inequality

Challenges in LLN

, (if f(V; n«) is bounded), E,[ f(V; 1) — Ep f(V;5:)] = O at N~ rate.

Consider E,[ f(V;1)] — Ep[f(V;17)], where i := 1(D) is an estimate using samples D.

| UL | D o
... Equivalently, consider ~ Z fVon(N)) — E[AV;n(NV)]

=1

The LLN is not applicable

... Without any special treatises,

ol (Vo] — Eplf(Vip)]is

42



To guarantee

Uniform Convergence

_D[f(V; )] — ‘p[f(V; n)] — 0, we should have

Uniform convergence: sup, g ( oL (V)] — B f(V; 77)]) — (

Then, Ep[f(V;77)] —

= f(V;1)] = 0 obviously holds.

43



Donsker Class

For some function class H( 3 #), the uniform convergence holds.

Donsker class: A class 1 s.t. sup, ¢y (

ol f(Vin)] —

=l f(V ;7)]) — 0 at N~ rate

Example: A function class with bounded VC-dimension (called VC-class).

. differentiable functions

44



If a nuisance function class H is “Donsker”,

Then, the estimator

—plf(Viip] = C(P) =

=L f(V; )] converges to C(P)

=l f(Vin)] —

=l f(Vin)] —

Error analysis under Donsker

=l SV )] +

=pl f(Vi)] — 0 at N2 rate.

=pl (Vi 1)] — C(P)
=0(H 1= Mo H%)

even if i converges slow

45



Limitation of Donsker

Donsker class: A class H s.t. sup, g ( oL (V)] — Epf(V; 77)]) — 0 at N~ % rate

Example: A function class with bounded VC-dimension (called VC-class).

. differentiable functions

However, confining on the Donsker class is restrictive in the modern ML era.

There Is no guarantee that deep and complicated neural networks fall into the Donsker.

46



Releasing Donsker Assumption

Recall the Law of Large Numbers:

Ep[AV;n:)] = Ep[f(V;n:)] = 0at N~V rate.

This can be rewritten as a following principle

_D[f(V; n)] — ‘p[f(V; n)| — O at N2 rate.

This doesn’t require the Donsker class assumption!

Suppose 7] is estimated from a separate dataset D’ that is independent to D. Then,

=l SV )] — =pl SV n)] — 0 at N2 rate.

47



Sample Splitting

Sample splitting procedure

Split D into two random halves D, D).

Fork € {0,1},

Let #7, denote the estimated nuisance using D,.

Let Ty :=Ej, SV

Then, T —

= [f(V; f/)] — 0 at N~ 2 rate

Donsker class
assumption is dropped.

Any ML models can
be employed!

48



DML Definition (Intermediate version)

Double/Debiased Machine Learning (DML)

Given a target quantity C(P) and the data D, a DML estimator 7 is an estimator derived from

a an orthogonal estimand f(V; ), and

a the sample-splitting procedure.

C(P) ——> Orthogonal f(V;7) I'= Qo

The DML estimator 7/ that

o estimates O, = C(P).
D~ PZ X, Y) — Sample splitting




Toward Score-based Definition

The original DML definition by | is stated somewhat different, but
share the crux of the idea.

: For a nuisance # and a target O (where Nos Qo denote true {nuisance, target}),

g(Vin,Q)isa if E[g(V; g, Qp)] =0

:2(Vin, Q) = f(V;n) — O, where f(V;n) is an s.t. E[f(V;n9)] = C(P) = 0O,

= E[g(V;ny, Qp)] = EL/(V;np)] — Oy = ELA(V;19)] — C(P) = 0 by def. of the estimand.

= Therefore, f(V; 1) — Q is a valid score function.

50



Score-based estimation

Score-based estimation: Given data D and #, find Q satisfying

= ole(Vii, Q)] =0

Sample-splitting is applicable: We can use dataset D), for training 1 and find Q using D by
_Dl[g(V; ﬁa Q)] — O

Consider f(V;n = {u, x}), and let g(V; 51, Q) := fP*(V; i) — O.

Then, Eplg(V; 1, Q)] = Ep LRV )] - Q.

Therefore, the score-based estimation gives Q = E,| PRV )]




Orthogonal score

The original DML definition is stated somewhat different, but share the crux of the idea.

Orthogonal score: A score g(Vin, Q) s.t. D, g(Vin, Op{n —nyt =0

:2(Vin, Q) = f(V,n) — O where f(V; n) is an orthogonal estimand. Then,

= D,g(Vin, Qp)in —not = D, [(Vim)in—ngt =0
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DML Definition

Double/Debiased Machine Learning (DML)

For a target quantity O and the data D, a DML estimator 7T is an estimator derived from

a an orthogonal score g(V; n, Q), and

a the sample-splitting procedure.

Oy — Orthogonal g(V; #n, O) I = Qo

The DML estimator 7/ that

estimates (.

D~ PZ X, Y) — Sample splitting




Deblasedness property

Double/Debiased Machine Learning (DML)

For a target quantity J, a DML estimator 7 is an estimator derived from

a an orthogonal score g(V; 1, 0), and

a the sample-splitting procedure.

T—0y=0N")+0(ll7—n )

A DML estimator T converges to C(P) at a N~ even if #} converges N~/

... without any function class assumption! (Any ML models can be used for #)

rate...
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Uncovered subjects - 1

crpy — >

Orthogonal f(V; )

where X € {0,1}

D~ P, X,Y) |—> Sample splitting

Estimation

[

The DML estimator 1
that estimates Q).

G How to derive the orthogonal estimand f(V; ) from an identified causal functional C(P)?
... IThe orthogonal estimand for the back-door adjustment and the truncated factorization

(a.k.a. sequential back-door (SBD) or g-functional) are known.

... [dung et al., 2021] showed that any ID functional can be represented as a function of

SBDs.

... [dJung et al., 2021] proposed an algorithm for deriving the ortho. functional.
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Uncovered subjects - 2

crp)y ——

Orthogonal f(V; 1)

D~PZ,X,Y)
where X € {0,1}

a If X is continuous or Q, := p(y|do(x)), then what happens?

Estimation

—> Sample splitting

[ocmo)

The DML estimator I
that estimates ().

... The orthogonal functional may not exist, because the indicator / (X) or Iy(Y) are not well-

defined for X.

... Special treatises to smooth out / (X) (e.g., use a smoothing kernel density instead of
1.(X)) should be applied.

... [Jung et al., 2021] propose an estimator for p(y | do(x)) for the instruments setting.
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Any Questions 2



